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Abstract
We have systematically computed the generators of the symmetries arising in Poincare´
gauge theory formulation of gravity, both in 2+1 and 3+1 dimensions. This was done using a
completely Lagrangian approach. The results are expected to be valid in any dimensions, as
seen through lifting the results of the 2+1 dimensional example into the 3+1 dimensional one.
1 Introduction
Symmetry plays an important role in our understanding of nature and is the primary ingredient
that goes into shaping of physical laws. Symmetry dictates the dynamics in nature [1]. This
simple and powerful insight has shaped our current knowledge of physics, right from the Galilean
invariance of Newtonian mechanics, through the Lorentz invariance of special relativity, to the
reparametrization or diffeomorphism invariance of general relativity. So understanding the role
and systematic construction of symmetries through their generators is an important aspect in the
study of any physical theory.
Given an action, a symmetry is some transformation of the fields of the theory involving
arbitrary functions of time that leaves the action off-shell invariant. Rotations and translations in
global space-time consist two important examples of such symmetries that are observed in nature.
Together, these operations constitute the Poincare´ group. To implement this Poincare´ symmetry
at the local level, whereby arbitrary functions of time and space are involved in the variations,
new fields must be introduced which compensate for terms in the action not remaining invariant
under this localization. These additional fields then are shown to represent the gravitational fields
and the theory which describes this procedure and the corresponding dynamics is known as the
Poincare´ gauge theory (hereafter referred to as PGT) [2–4]. A lot of work has been done since
then till recent times studying various aspects of the theory.1
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1See [5,6] for reviews and further references.
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Figure 1: The scheme for Lagrangian analysis of Poincare´ gauge theory (PGT):- symmetries,
corresponding gauge identities and generators in 2+1 and 3+1 dimensions.
The symmetries involved in PGT are motivated and derived by considering changes occur-
ring due to local Lorentz rotations and infinitesimal coordinate changes (i.e. diffeomorphism).
However, no canonical procedure of generating this symmetry through a set of generators exists
till now. This problem was initially addressed in [7, 8] by computing the Hamiltonian (Gauss)
generator following the approach of [9]. However the off-shell symmetries that were obtained as
a result, were different from the PGT symmetries. The two sets matched only on-shell. This
mismatch was thought to be a consequence of the approach [9] which, strictly speaking, is not a
completely off-shell approach. Recently, an attempt to remedy this situation was given in [10]. A
systematic and completely off-shell analysis of this issue was done in 2+1 dimensions, taking the
3D gravity model with torsion (modelled on the Mielke-Baekler action [11]) and the Dirac Hamil-
tonian generator was computed. Alas, the original conclusions of [7, 8] remained unaltered. Here
in this article, we adopt a totally different (Lagrangian) approach and show how to systematically
construct generators of the PGT symmetries. The symmetries obtained from these generators
reproduce the PGT symmetries without using any equations of motion.
The task of finding the symmetries of a given action is, in general, not trivial. They cannot
always be found on inspection, as is possible, say, in electrodynamics. There exist two approaches
to systematically construct the symmetries inbuilt in a given action; the Hamiltonian approach
and the Lagrangian approach. In the Hamiltonian approach [9,10,12–17], one first undertakes the
Dirac classification of all constraints into first-class and second-class. Then the generators of the
symmetries are obtained as some suitable combination of first-class constraints containing time
derivatives of arbitrary functions. The Poisson bracket of the fields with these generators give us
the symmetries as transformations. The Lagrangian method [18–24], on the other hand, hinges on
the condition that the existence of symmetries necessarily implies the existence of certain identities
involving quantities given by variations of the action w.r.t. the basic fields – the Euler derivatives.
The Lagrangian generators can then be found through comparison with the general expressions
of such identities derived from a theory involving general symmetry transformation of fields in
terms of arbitrary functions of time. We have used this later method of constructing generators
here, after modifying it suitably for our model with vielbeins and connections as basic fields, that
are written both in holonomic (global coordinate) and an-holonomic (local coordinate) indices.
Having constructed the generators first in 2+1 dimensions, we then repeat the process in 3+1
dimensions. The construction of symmetries through the Hamiltonian approach in 3+1 dimensions
itself is a very difficult task and pure Dirac analysis and classification of constraints is non-trivial
for, say, just the Einstein-Cartan theory. However it is shown that the Lagrangian version can
be carried out more easily, leading to a systematic derivation of the symmetries even in 3+1
dimensions. To do this, we first lift the gauge identities corresponding to PGT symmetries from
2+1 to 3+1 dimensions and then carry out the Lagrangian analysis. However, at the end of
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the day, the symmetries obtained are the same as that found by directly lifting the 2+1 PGT
symmetries in 3+1 dimensions. This shows that the PGT symmetries, arising out of geometrical
considerations of reparametrization and local Lorentz symmetry, are beautifully consistent and
useful in an extended sense.
The organization of the paper is as follows. In section 2 we give a general formulation of
the Lagrangian method to find out generators, starting from known gauge identities of a model.
Next, in section 3, we identify the gauge identities, calculate the generators in 2+1 dimensions
and thus systematically reproduce the PGT symmetries in a Mielke-Baekler type model in 2+1
dimensions. For finding symmetry generators in 3+1 dimensions, we then lift the 2+1 dimensional
gauge identities to 3+1 in section 4 and find out the Lagrangian generators. These are shown to
generate the usual PGT symmetries in 3+1 dimensions. Subsequently, we also demonstrate that
the 2+1 dimensional generators, when stripped of their dimension dependant form containing
dual fields, have the same form as in 3+1 dimensions. This suggests that our results may be
extrapolated to any higher dimensions. The whole scheme is summarized in Figure 1. Our
conclusions are given in section 5. Besides this, we have also included Appendix A, where we
comment on other possible applications of Lagrangian generators.
Conventions: The coordinate frame or holonomic indices are written in Greek while Latin
indices refer to the an-holonomic local Lorentz frame. The time and space bifurcation is indicated
by choosing the beginning letters of both Greek (α, β, . . .) and Latin (a, b, . . .) indices to run over
the space indices, i.e. 1, 2, . . . and choosing the middle letters of both Greek (µ, ν, . . .) and Latin
(i, j, . . .) indices to run over both time and space indices 0, 1, 2, . . .. The totally antisymmetric
tensor densities ǫijk, ǫijkl, ǫµνλ and ǫµνλρ are all normalized so that ǫ012 and ǫ0123 are unity. The
spacetime signature chosen is (+,−,−, . . .). In specifying spacetime points, we have denoted by
‘x’ both the time and space parts together while ‘x’ indicates only the spatial part of ‘x’. Thus
x ≡ (t,x).
2 Lagrangian formulation: Gauge identities and symmetry gen-
erators
The action functional for a typical first-order theory invariant under the PGT symmetries in 2+1
dimensions, may be written by taking the triad biµ and connection ω
i
µ as independent variables,
while constructing the configuration space [3]. So in general, we have the action functional
S =
∫
d3x L [biµ(x), ωiµ(x)] . (1)
Arbitrary variations of the basic fields give rise to variation of the action in the following form
δS = −
∫
d3x
{
L
µ
i (x) δb
i
µ(x) + L¯
µ
i (x) δω
i
µ(x)
}
(2)
where L µi := −
δL
δbiµ
and L¯ µi := −
δL
δωiµ
are the Euler derivatives. The corresponding equations
of motion are just
L
µ
i (x) = 0 and L¯
µ
i (x) = 0. (3)
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Now let us propose the following symmetries of the fields
δbiµ(x) =
n∑
s=0
(−1)s
∫
d2z
[
∂sξσ(z)
∂ts
ρiµσ(s)(x, z) +
∂sθk(z)
∂ts
ζ iµk(s)(x, z)
]
δωiµ(x) =
n∑
s=0
(−1)s
∫
d2z
[
∂sξσ(z)
∂ts
ρ¯iµσ(s)(x, z) +
∂sθk(z)
∂ts
ζ¯ iµk(s)(x, z)
] (4)
where the functions ρ, ρ¯, ζ and ζ¯ are known as ‘Lagrangian generators’ that generate variations
in the basic fields while the six quantities ξσ(z), θk(z) are functions of space and time serving as
infinitesimal gauge parameters. Note that their number is governed by the Poincare´ symmetry
group, which in 2+1 dimensions has six independent symmetries. These variations of fields are
symmetries in the sense that S
[
biµ + δb
i
µ, ω
i
µ + δω
i
µ
]
= S
[
biµ, ω
i
µ
]
, or equivalently δS = 0
under these variations.
Substituting the variations (4) of b and ω in (2) yields the variation of the action as
δS = −
∫
d2x
∫
d2z
n∑
s=0
(−1)s
∫
dt
[
∂sξσ(z)
∂ts
ρiµσ(s)(x, z)L
µ
i (x) +
∂sθk(z)
∂ts
ζ iµk(s)(x, z)L
µ
i (x)
]
−
∫
d2x
∫
d2z
n∑
s=0
(−1)s
∫
dt
[
∂sξσ(z)
∂ts
ρ¯iµσ(s)(x, z)L¯
µ
i (x) +
∂sθk(z)
∂ts
ζ¯ iµk(s)(x, z)L¯
µ
i (x)
]
.
(5)
To simplify the above expression, let us take a representative term – the first term in the first line
– from (5). The other terms, having similar structure, can then be handled by a similar technique.
−
∫
d2x
∫
d2z
n∑
s=0
(−1)s
∫
dt
∂sξσ(z)
∂ts
ρiµσ(s)(x, z)L
µ
i (x)
=−
∫
d2x
∫
d2z
[∫
dt ξσ(z)ρiµσ(0)(x, z)L
µ
i (x)−
∫
dt
∂ξσ(z)
∂t
ρiµσ(1)(x, z)L
µ
i (x) + . . .
. . .+ (−1)n
∫
dt
∂nξσ(z)
∂tn
ρiµσ(n)(x, z)L
µ
i (x)
]
.
(6)
We now interchange derivatives (wherever applicable) by using partial integrals, throwing away
the boundary terms by assuming the fields to be well behaved at infinity. Also note that we have
precisely the same number of negative signs before each term through the (−1)s factor, as required
for carrying out partial integrals ‘s’ times. So, simplifying the above equation yields
−
∫
d2x
∫
d2z
[∫
dt ξσ(z)
{
ρiµσ(0)(x, z)L
µ
i (x)
}
+
∫
dt ξσ(z)
∂
∂t
{
ρiµσ(1)(x, z)L
µ
i (x)
}
+
. . .+
∫
dt ξσ(z)
∂n
∂tn
{
ρiµσ(n)(x, z)L
µ
i (x)
}]
= −
∫
d2z
∫
dt ξσ(z)
[
n∑
s=0
∫
d2x
∂s
∂ts
{
ρiµσ(s)(x, z)L
µ
i (x)
}]
.
(7)
Substituting this back in the variation of the action (5), we get
δS = −
∫
d3z
[
ξσ(z)Λσ(z) + θ
k(z) Ξk(z)
]
(8)
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where Λ and Ξ are defined as:
Λσ(z) =
n∑
s=0
∫
d2x
∂s
∂ts
{
ρiµσ(s)(x, z)L
µ
i (x) + ρ¯
i
µσ(s)(x, z)L¯
µ
i (x)
}
Ξk(z) =
n∑
s=0
∫
d2x
∂s
∂ts
{
ζ iµk(s)(x, z)L
µ
i (x) + ζ¯
i
µk(s)(x, z)L¯
µ
i (x)
}
.
(9)
Since each of the gauge parameters ξσ and θk are independent quantities, the invariance of the
action (δS = 0) implies the following conditions
Λσ(z) = 0
Ξk(z) = 0.
(10)
These are known as ‘gauge identities’. They are identities in the sense that on substituting the
Euler derivatives L µi and L¯
µ
i in (9), all terms cancel out and we see that the relations are zero
identically. Note that until now we have only used the definition of the Euler derivatives in terms
of variation of fields
(
for example L µi = −
δL
δbiµ
)
, but we have not set the Euler derivative to
zero, i.e. we have not used any equations of motion. In fact, using the equations of motion
trivializes the gauge identities as 0 = 0 relations.
Now the algorithm for finding out the Lagrangian symmetry generators is simple. Given an
action, we can easily find the Euler derivatives by varying the action w.r.t. the basic fields. Using
the Euler derivatives, we can then try to build a set of independent, identically vanishing equations
- the gauge identities. Alternatively, we can also explicitly check any set of identities proposed
to hold as gauge identities from physical considerations. The number of these gauge identities is
identical to the number of independent symmetries. In this particular case of PGT, they are six
in number and are stated compactly in (10). Once we obtain a set of independent gauge identities
for the action, we then finally compare the given identities with the general form presented in (9),
and find out the generators
(
denoted here as ρ, ρ¯, ζ and ζ¯
)
.
3 Lagrangian generators for 2+1 dimensional PGT symmetries
Gravity in 2+1 dimensions is widely studied, both as a simplified problem in comparison to 3+1
dimensions, and also as a field which is interesting in its own right. Among various models studied,
one is the Mielke-Baekler model which explicitly includes a torsion term, along with the Chern-
Simons action and the usual Einstein-Cartan piece. The particular Mielke-Baekler type action of
recent interest [7, 8, 10,25,26] that we study here is:
S =
∫
d3x ǫµνρ
[
abiµRiνρ −
Λ
3
ǫijkb
i
µb
j
νb
k
ρ + α3
(
ωiµ∂νωiρ +
1
3
ǫijkω
i
µω
j
νω
k
ρ
)
+
α4
2
biµTiνρ
]
,
(11)
where a, Λ, α3 and α4 are arbitrary parameters, Riνρ is the curvature tensor defined as
Riνρ = ∂νωiρ − ∂ρωiν + ǫijkωjνωkρ , (12)
and Tiνρ is the torsion given by,
Tiνρ = ∂νbiρ − ∂ρbiν + ǫijkωjνbkρ − ǫijkωjρbkν . (13)
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The first term proportional to ‘a’ is the Einstein-Hilbert action written in three dimensions using
the identity
bR = −ǫµνρ biµRiνρ
where b = det biµ and R = b
µ
i b
ν
j R
ij
µν . The second term is the cosmological constant part,
the third one is the Chern-Simons action while the fourth includes torsion. These terms can be
manipulated with the help of the adjustable parameters a, Λ, α3 and α4.
The action (11) is known to be invariant under the following PGT symmetries [7, 8, 10]
δbiµ = −ǫijkbjµθk − ∂µξρ biρ − ξρ ∂ρbiµ
δωiµ = −
(
∂µθ
i + ǫijkω
j
µθ
k
)
− ∂µξρ ωiρ − ξρ ∂ρωiµ.
(14)
A set of independent gauge identities corresponding to PGT symmetries for the action (11) is
already known [10]
Λσ := −L µi ∂σbiµ − L¯ µi ∂σωiµ + ∂µ
(
biσL
µ
i
)
+ ∂µ
(
ωiσL¯
µ
i
)
= 0
Ξk := −ǫijkL µi bjµ − ǫijkL¯ µi ωjµ + ∂µL¯ µk = 0.
(15)
Here L µi and L¯
µ
i are the Euler derivatives obtained from the action (11), and are given by,
L
µ
i := −
δL
δbiµ
= −ǫµνρ
[
aRiνρ + α4Tiνρ − Λǫijkbjνbkρ
]
L¯
µ
i := −
δL
δωiµ
= −ǫµνρ
[
α3Riνρ + aTiνρ − Λǫijkbjνbkρ
]
.
(16)
Substituting these in (15) it may easily be checked that all terms cancel and they are indeed
identities. Now the Lagrangian symmetry generators which will give us a set of symmetries of
the action (11) may be found by comparing these identities (15) with the general gauge identities
derived before in (9).
We have employed the following strategy in comparing the two relations in question. Any
sum over Greek (holonomic) indices is broken into the time and space part, i.e. say, AµBµ =
A0B0 + A
αBα; the gauge identity Λσ is also broken into sets Λ0 and Λα; and finally coefficients
(in general field dependant) of the Euler derivatives L 0i , L
β
i , etc. are matched between the two
relations (9) and (15).
Let us now illustrate the details for one particular term: coefficient of L βi in Λα. An inspection
of (15) reveals that there occur terms either with zero or a single time derivative. This implies
that the summation over ‘s’ in (9) is restricted to only two values, s = 0, 1. So, the relevant terms
from (9) are,∫
d2x
{
ρiβα(0)(x, z)L
β
i (x) + ∂0ρ
i
βα(1)(x, z)L
β
i (x) + ρ
i
βα(1)(x, z) ∂0L
β
i (x)
}
(17)
while those from (15) are
−L βi (z) ∂αbiβ(z) + ∂β
(
biα(z)L
β
i (z)
)
.
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The above expression may be recast in the form∫
d2x
{
−L βi (x) ∂αbiβ(x) δ(x − z)− biα(x)L βi (x) ∂(x)β δ(x− z)
}
, (18)
to facilitate comparison with (17). This comparison yields the generators ρi
βα(1) = 0 and ρ
i
βα(0) =
−∂αbiβ(x) δ(x − z) − biα(x) ∂(x)β δ(x − z). The other generators may also be found in a similar
manner. We list all the non-zero ones below:
ρi0σ(0)(x, z) = −∂σbi0(x) δ(x − z)
ρiασ(0)(x, z) = −∂σbiα(x) δ(x − z)− biσ(x) ∂(x)α δ(x − z)
ρi0σ(1)(x, z) = b
i
σ(x) δ(x − z),
(19)
ρ¯i0σ(0)(x, z) = −∂σωi0(x) δ(x − z)
ρ¯iασ(0)(x, z) = −∂σωiα(x) δ(x − z)− ωiσ(x) ∂(x)α δ(x− z)
ρ¯i0σ(1)(x, z) = ω
i
σ(x) δ(x − z),
(20)
ζ iσk(0)(x, z) = −ǫijkbjσ(x) δ(x − z), (21)
ζ¯ i0k(0)(x, z) = −ǫijkωj0(x) δ(x− z)
ζ¯ iαk(0)(x, z) = −ǫijkωjα(x) δ(x− z)− δik ∂(x)α δ(x− z)
ζ¯ i0k(1)(x, z) = δ
i
k δ(x − z).
(22)
Thus, having obtained all the Lagrangian generators, it is now possible to generate the transfor-
mations of the basic fields b and ω through (4). We illustrate the process for biα.
δbiα(x) =
∫
d2z
[
ξ0(z) ρiα0(0)(x, z) + ξ
β(z) ρiαβ(0)(x, z) + θ
k(z) ζ iαk(0)(x, z)
]
−
∫
d2z
[
∂0ξ
0(z) ρiα0(1)(x, z) + ∂0ξ
β(z) ρiαβ(1)(x, z) + ∂0θ
k(z) ζ iαk(1)(x, z)
] (23)
Using the form of the generators ρ, ζ given in (19) and (21), one obtains,
δbiα(x) =
∫
d2z
[
ξ0(z)
{
−∂0biα(x) δ(x − z)− bi0(x) ∂(x)α δ(x− z)
}
+ ξβ(z)
{
−∂βbiα(x) δ(x − z)− biβ(x) ∂(x)α δ(x− z)
}
+ θk(z)
{−ǫijkbjα(x) δ(x − z)}] −
∫
d2z [ 0 + 0 + 0 ]
=− ǫijk bjα θk − ∂αξµ biµ − ξµ ∂µbiα,
(24)
which corresponds to the µ = α (space) component of the PGT symmetry δbiµ given in (14). All
other PGT symmetries given in (14) are easily reproduced by this procedure.
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4 PGT construction in 3+1 dimensions and Lagrangian analysis
The same PGT symmetries, being constructed out of local Lorentz and general diffeomorphism
symmetries, are respected by a wide class of Lagrangians [6]. In 3+1 dimensions, the Chern-Simons
term of 2+1 dimensions (11) automatically drops out. The other terms have their counterparts in
3+1 dimensions, in addition to some other new possible terms. However, for simplicity, it suffices
our aim of constructing the generators of PGT symmetries, to consider only the most important
part of the gravitational action – the Einstein-Cartan term. Thus we take the following action in
3+1 dimensions,
S =
∫
d4x bR (25)
where b = det
(
biµ
)
and the curvature scalar R = b µi b
ν
j R
ij
µν . The curvature tensor and the
torsion tensor are defined as:
T iµν = ∂µb
i
ν − ∂νbiµ + ωi kµbkν − ωi kνbkµ
Rijµν = ∂µω
ij
ν − ∂νωijµ + ωikµωkjν − ωikνωkjµ.
(26)
The corresponding Euler derivatives can be found in the standard way
L
µ
i := −
δL
δbiµ
= −2b
(
R
µ
i +
1
2
b
µ
i R
)
L
µ
ij := −
δL
δω
ij
µ
= b
(
b µs T
s
ij + b
µ
i T
s
js − b µj T sis
)
.
(27)
To find the appropriate gauge identities here, we will now take help of the identities found
previously for 2+1 dimensions. The 2+1 dimensional model was constructed using the basic fields
biµ and ω
i
µ, where the latter was a dual construct of the field ω
ij
µ, valid only in 2+1 dimensions.
We would now like to write the gauge identity (15) in terms of the fields biµ and ω
ij
µ, thus getting
rid of the use of special 2+1 dimensional properties. The resultant identities will then be proposed
for 3+1 dimensions and a Lagrangian analysis will be carried out to find out the corresponding
symmetries.
Now let us consider the Ξk identity in (15). Contracting it with the Levi-Civita symbol, we
find,
Ξmn = −ǫ kmn Ξk = L µm bnµ − L µn bmµ + L¯ µm ωnµ − L¯ µn ωmµ − ǫ kmn ∂µL¯ µk . (28)
Next, introducing relations between the dual fields and their corresponding counterparts through
ωiµ = −
1
2
ǫijk ω
jk
µ
L¯
µ
i = −ǫ jki L µjk ,
(29)
and using the following identity for Levi-Civita symbols
ǫ hpm ǫnjk = ηmnδ
h
j δ
p
k − ηmnδhk δpj − ηmjδhnδpk + ηmjδhkδpn + ηmkδhnδpj − ηmkδhj δpn, (30)
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we are able to write the gauge identity completely in terms of the fields biµ and ω
ij
µ. The other
gauge identity Λσ in the set of the 2+1 dim identities (15) can also be ridden of the duals through
a similar procedure. The resultant set of identities are:
Λσ := −L µi ∂σbiµ − L µij ∂σωijµ + ∂µ
(
L
µ
i b
i
σ
)
+ ∂µ
(
L
µ
ij ω
ij
σ
)
= 0
Ξij := Liµ b
µ
j − Ljµ b µi + 2
(
∂νL
ν
ij − L νik ωkjν + L νjk ωkiν
)
= 0.
(31)
Since these are now written independent of any dimensionally dependant dual fields, we may
propose that they also hold in 3+1 dimensions. An explicit check, using the expressions for the
Euler derivatives (27) confirms the proposition.
Expressing the action (1) in terms of basic fields, rather than the duals, we have
S =
∫
d4x L [biµ, ωijµ] . (32)
The symmetry transformations of this action are now given by
δbiµ(x) =
n∑
s=0
(−1)s
∫
d3z
[
∂sξσ(z)
∂ts
ρiµσ(s)(x, z) +
∂sθlk(z)
∂ts
ζ iµlk(s)(x, z)
]
δωijµ(x) =
n∑
s=0
(−1)s
∫
d3z
[
∂sξσ(z)
∂ts
ρ¯
ij
µσ(s)(x, z) +
∂sθlk(z)
∂ts
ζ¯
ij
µlk(s)(x, z)
]
,
(33)
which are the 3+1 dimensional versions of (4). Now adopting identical steps as in section 2, we
obtain the analogues of the gauge identities (9) with Λσ and Ξlk given by,
Λσ(z) =
n∑
s=0
∫
d3x
∂s
∂ts
{
ρiµσ(s)(x, z)L
µ
i (x) + ρ¯
ij
µσ(s)(x, z)L
µ
ij (x)
}
Ξlk(z) =
n∑
s=0
∫
d3x
∂s
∂ts
{
ζ iµlk(s)(x, z)L
µ
i (x) + ζ¯
ij
µlk(s)(x, z)L
µ
ij (x)
}
.
(34)
Next, we compare these with the set of identities (31) term by term as explained in the
discussion above eq. (17) to find out the relevant Lagrangian generators. The non-zero ones are
listed below
ρi0σ(0)(x, z) = −∂σbi0(x) δ(x − z)
ρiασ(0)(x, z) = −∂σbiα(x) δ(x − z)− biσ(x) ∂(x)α δ(x − z)
ρi0σ(1)(x, z) = b
i
σ(x) δ(x − z),
(35)
ρ¯
ij
0σ(0)(x, z) = −∂σωij0(x) δ(x − z)
ρ¯
ij
ασ(0)(x, z) = −∂σωijα(x) δ(x − z)− ωijσ(x) ∂(x)α δ(x − z)
ρ¯
ij
0σ(1)(x, z) = ω
ij
σ(x) δ(x − z),
(36)
ζ iµlk(0)(x, z) =
1
2
[
δil bkµ(x)− δik blµ(x)
]
δ(x− z), (37)
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ζ¯
ij
0lk(0)
(x, z) = −1
2
[
δilω
j
k0 − δikωjl0 − δjl ωik0 + δjkωil0
]
δ(x − z)
ζ¯
ij
αlk(0)(x, z) = −
1
2
[
δilω
j
kα − δikωjlα − δjl ωikα + δjkωilα
]
δ(x − z)− 1
2
[
δilδ
j
k − δikδjl
]
∂(x)α δ(x − z)
ζ¯
ij
0lk(1)(x, z) =
1
2
[
δilδ
j
k − δikδjl
]
δ(x − z).
(38)
These generators will yield the symmetries of the action (25) through the transformation (33).
An explicit calculation, leads to the symmetries
δbiµ = θ
i
kb
k
µ − ∂µξρbiρ − ξρ∂ρbiµ
δωijµ = θ
i
kω
kj
µ + θ
j
kω
ik
µ − ∂µθij − ∂µξρωijρ − ξρ∂ρωijµ.
(39)
It may be easily checked that these transformations are indeed symmetries of the Einstein-Cartan
action (25) in 3+1 dimensions [6].
We would now like to make a comparative remark on the structure of the Lagrangian generators
in 2+1 and 3+1 dimensions. Let us consider the 2+1 dimensional generator ζ¯ i
αk(0) from (22)
ζ¯ iαk(0)(x, z) = −ǫijkωjα(x) δ(x− z)− δik ∂(x)α δ(x− z).
Multiplying appropriately with Levi-Civita symbols and using the map for ωjα from (29), we get
ǫ mni ǫ
k
hp ζ¯
i
αk(0) = −ǫ mni ǫkhp ωikα δ(x− z)− ǫ mni ǫihp δ(x)α δ(x − z).
Finally using the identity for contraction of Levi-Civita symbols (30) and rearranging terms yield
the following relation
ζ¯mnαhp(0) =−
[
δmh ω
n
pα − δmp ωnhα − δnhωmpα + δnpωmhα
]
δ(x − z)
− [δmh δnp − δmp δnh] ∂(x)α δ(x − z), (40)
where we have defined the map
ζ¯mnαhp(0)(x, z) = −
1
2
ǫ mni ǫ
k
hp ζ¯
i
αk(0)(x, z). (41)
Thus we have re-written the 2+1 dimensional generator ζ¯ i
αk(0) in terms of the original fields,
getting rid of all duals. The object ζ¯mn
αhp(0) defined in (40), however is functionally identical
to the corresponding 3+1 dimensional generator (38). Thus the map (41) expresses the 2+1
dimensional generator in a form that remains structurally the same even in 3+1 dimensions.
Similarly, all the other generators from 2+1 dimensions, can be stripped off the dual fields
ω
j
σ. These dual fields were defined for the special case of 2+1 dimensions. Once having removed
them, and expressed all basic fields in terms of their dimension independent form, we see that the
same generators also hold in 3+1 dimensions. Below, we list all the non-trivial maps, in the sense
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described above, between the Lagrangian generators.
ρ¯mn0σ(0)(x, z) = −ǫ mni ρ¯i0σ(0)(x, z)
ρ¯mnασ(0)(x, z) = −ǫ mni ρ¯iασ(0)(x, z)
ρ¯mn0σ(1)(x, z) = −ǫ mni ρ¯i0σ(1)(x, z)
ζ iσmn(0)(x, z) = −
1
2
ǫkmn ζ
i
σk(0)(x, z)
ζ¯mnσhp(0)(x, z) = −
1
2
ǫ mni ǫ
k
hp ζ¯
i
σk(0)(x, z)
ζ¯mn0hp(1)(x, z) = −
1
2
ǫ mni ǫ
k
hp ζ¯
i
0k(1)(x, z)
(42)
Observation of this structural similarity of the generators across dimensions, from 2+1 to 3+1,
indicates that in higher dimensions, similar results are expected to hold.
5 Conclusions
In this paper we have succeeded in systematically computing the generators of the PGT (i.e.
Poincare´ gauge theory) symmetries, which is a new result. The Lagrangian method of finding
generators was employed, and in the case of first-order formulations of gravity, was seen to be
much simpler than its Hamiltonian counterpart. To begin with, we took a 2+1 dimensional
model of a PGT-invariant Lagrangian which has been of recent interest [7, 8, 10, 25, 26] – the
3D gravity model with torsion and a cosmological term. The starting gauge identities involving
the Euler derivatives that were required for the Lagrangian analysis, were taken from a recent
analysis [10]. The Lagrangian generators were subsequently computed and PGT symmetries were
recovered using the same. We next repeated the procedure for 3+1 dimensions, where we took
only the representative and most important Einstein-Cartan term in the action. We lifted the
2+1 dimensional gauge identities to 3+1 dimensions. The validity of the lifted gauge identities
in 3+1 dimensions was explicitly checked. Then the same method was adopted to calculate the
generators giving rise to PGT symmetries for this case. The Lagrangian generators themselves
were also shown to preserve their structure across the 2+1 to 3+1 dimension transition. The PGT
symmetries were shown to be consistent throughout this process as has been shown in Figure 1.
Finding the generators that yield the PGT symmetries systematically, through a canonical
method, was necessary to put this much studied symmetry at a firm level as it was not even
known whether it was possible to generate the PGT symmetries by a canonical and completely
off-shell process. A recent attempt [10] to generate the symmetries of a PGT invariant 2+1 dimen-
sional Mielke-Baekler [11] type model through pure Dirac Hamiltonian generator construction in a
completely off-shell manner (following [13,14]) had given symmetries which were distinctly differ-
ent from PGT symmetries. The two sets only matched on-shell, i.e. after imposition of equations
of motion. A similar conclusion was also noted in [7,8] by following a modified Dirac Hamiltonian
approach [9] where second class constraints were accounted by solving for the Lagrange multipli-
ers rather than by using Dirac brackets. However, in this work, we have successfully shown that
based on the Lagrangian generators we have constructed, one can now put this tetrad-connection
formulation of symmetries on the same footing with the metric formulations [24, 27], pertaining
to the canonical method of constructing the symmetries.
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Appendix A Comments on general applications of Lagrangian
generators
In this article, we demonstrated the role of Lagrangian generators in investigating gauge sym-
metries. In particular, the off-shell Poincare´ gauge theory symmetries were reproduced through
Lagrangian generators for the 2+1 and 3+1 dimensional Mielke Baekler type models of gravity.
One might wonder about other possible applications of these generators. In this appendix we
briefly comment on the issue.
As is well known, the canonical generators derived in the Hamiltonian formalism, apart from
yielding the gauge symmetries, are also used to find the conserved charges and central terms in the
Poisson algebra of spacetime symmetries [30]. Since the Hamiltonian and Lagrangian formulations
complement one another, it is expected that the Lagrangian generators will also have a similar,
though not necessarily identical, role. We now elaborate on this and related points.
The crucial ingredient in abstracting the Lagrangian generators are the gauge identities. Con-
struction of these identities can be made from physical considerations. However, there also exist
systematic schemes for arriving at these gauge identities from algorithms employing Lagrangian
constraints [20,21]. So, given a model with some Lagrangian, we can arrive at the gauge identities
and the Lagrangian generators systematically. Now, some insight into these identities is gleaned
from their connection with the Bianchi identities of a model [28, 29]. In what follows, we adopt
the Einstein-Hilbert action in 3+1 dimensions for the demonstration of this connection. The
calculation follows [24] closely.
The Einstein-Hilbert action in 3+1 dimensions is written in terms of the basic field gµν – the
metric – as:
S =
∫
d4x
√−g gµνRµν , (A.1)
where the Ricci tensor Rµν is defined in terms of the Christoffel connections Γ
ρ
µν in the usual way
as in Einstein general relativity:
Rµν = Γ
λ
νµ, λ − Γλλµ, ν + Γλνµ Γσσλ − Γσλµ Γλνσ
Γρµν =
1
2
gρλ
(
gλν, µ + gµλ, ν − gµν, λ
)
.
(A.2)
Varying the action (A.1) with respect to the metric gµν we get the Euler derivative L
µν
δS =
∫
d4x Lµν δgµν (A.3)
where,
Lµν =
√−g Gµν = √−g
(
Rµν − 1
2
gµνR
)
. (A.4)
Invariance of the action leads to the usual Einstein’s equation Lµν = 0. The gauge identity may
be subsequently defined as
∇µLµν = 0 (A.5)
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which may also be expressed as,
∇µGµν = 0. (A.6)
Now, the Bianchi identity for Einstein general relativity is well known and is written in terms of
the Riemann tensor Rλµνκ as:
∇ηRλµνκ +∇νRλµκη +∇κRλµην = 0. (A.7)
Contracting λ with ν and µ with κ in the above identity (the metricity condition ∇ρ gµν = 0 holds
in Einstein general relativity), we reproduce the gauge identity (A.6). This immediately shows
that the gauge identity is nothing but a suitably contracted form of the Bianchi identity in this
model.
The gauge identity, or the contracted version of the Bianchi identity, plays a significant role in
the obtention of the Noether central charges. As in the Hamiltonian description, here too surface
terms are important. If these terms are not dropped, then (A.3) takes the form,
δS =
∫
d4x
√−g [−Gµνδ
ξ
gµν +∇ρ
(
2 gµσ,ρν ∇µ δξgσν
)]
. (A.8)
Explicitly using δ
ξ
gµν = ∇(µ ξν) we obtain,
δS =
∫
d4x
√−g
[
− 2 {∇µGµν} ξν +∇ρ
{
2Gρσξσ − 4 gµσ,ρν ∇µ∇(σ ξν)
} ]
= 0 . (A.9)
The first term in the integrand vanishes due to the gauge identity (A.6). This also implies the
vanishing of the second term in the integrand. Effectively, this leads to the covariant conservation
of the Noether current,
j
ρ
N(ξ) = 2R
ρσ ξσ − 4 gµσ,ρν ∇µ∇(σ ξν). (A.10)
Corresponding to each vector ξσ it is now possible to construct a conserved Noether charge from
(A.10). This yields the standard Komar’s integral in general relativity [31].
A comment on the surface terms might be useful. In the Hamiltonian approach, these terms
are determined by requiring the functional differentiability of the generators. The corresponding
criterion in the present Lagrangian formulation is to retain all surface terms in the variation of
the action under a general coordinate transformation, eventually leading to the gauge identity.
This is clearly manifested in (A.9) where the first term in the integrand yields the gauge identity
while the second is the cherished surface term.
We thus observe how the gauge identity, which is directly connected with the Lagrangian
generators, leads to conserved Noether charges. Also, the complementary aspects of Lagrangian
and Hamiltonian generators, vis-a`-vis the construction of conserved charges gets illuminated.
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